This paper concerns an approximate analysis of a Markovian multiserver infinite source retrial queuing with impatience, in which all the servers are subject to breakdown and repairs. Customer who find the total number of busy and failed servers equal to s,i.e, he is given to choice to enter a retrial orbit for an random amount of time before attempting to reccess an available server or enter the queue of size q. Customer waiting in the queue start being served as an idle or repaired server assigned to them, they can also leave the queue and enter orbit due to impatience. Customers whose service is interrupted by a failure may have the option of leaving the system entirely or returning to the orbit to repeat or resume service. We assume that each server has its own dedicated repair person, and repairs begin immediately following a failure and all process are assumed to be mutually independent. The simultaneous effect of customer balking, impatience and retrials is analyzed. We try to approximate the steady-state joint distribution of the number of customers in orbit and the number of customers in the service area using a phase-merging Algorithm.
Introduction
Queuing systems in which arriving customers who find all servers and waiting positions occupied may retry for service after a period of time is called Retrial Queues. Retrial queue are devoted by large literature, his study is motivated by the advent of new technologies including applications of switching systems Phones and also to computer and telecommunication net-works. One of the earliest papers in retrial queue was "On the influence of repeated calls in the theory of probabilities of blocking" by Kosten [16] . In 1957, Cohen [7] published "Basic problem of telephone traffic theory and the influence of repeated calls in which he considered the more general M/M/c retrial queue with impatient customers. Aguir and al. [1] and Altalejo and al. [4] modeled a call center as the M/M/m retrial queue with exponential impatience time. Shin and Choo [17] considered an M/M/s retrial queue with balking and reneging in which authors assumed that probabilities that the balking customers and reneging customers join orbit may depend on the number of customer in service facility. For detailed description of M/M/s queue with impatient retrial see Shin [17] .
Due to the complexity of the analytical results obtained during the analysis of call-back queue systems, various authors have tried to develop numerical and approximate methods in order to be able to analyze these systems with repeated calls. Aguir and al. [1] , estimate the total arrival rate, the sum of external arrival rate and retrial rate for an M/M/s retrial queue with balking and reneging by using fluid flow approxmation. Subramanian and al. [18] , bublished "M/M/s retrial queuing system with breakdown and repair of services" by using Direct Truncation Method. Falin [11] consider two approximations in order to study the system behavior for low retrial intensity.
For detailed survey of retrial queues and bibliographical information see Falin [10] , Artalejo [2] , [3] , [5] , monograph by Falin and Templeton [12] , Gomez-Corral [4] , Melikov [14] and Elhaddad [9] .
In this paper, we applied an approximate method in order to investigate an unreliable M/M/s retrial queues with failed servers and discuss the influence of customer balking and impatience as well as the effect of the service area's on the mean orbit length using a phase-merging algorithm due to Korolyuk [13] and Courtois [8] . These kinds of models are readily available in real life situations, for example, consider the transmission of messages in facsimile "net-works" having the autorepeat facilities. If transmission is not successfully completed for some reasons such as a power failure or a transmission error, then the message leaves the server and joins the buffer with some probability and leaves the system with the complimentary probability.
Our paper is organized as follows: In Section 2, we provide the formal model description and state the assumptions that are needed to implement the approximation procedure. In Sections 3 and 4, the algorithm is formally reviewed for q = 1 and s = 1. In Section 5, we derive approximations for the steady-state probabilities and several standard queueing performance measures. In Section 6, we applied the Algorithm for a higher values of s and q and in Section 7, based on the results obtained in section 5 for the case s = 1 and q = 1 we shall present some numerical example by varying the values of parameters model, which are chosen to satisfy the stationary condition given in Section 6, to illustrate how the various parameters of the model influence on the mean orbit length.
Model Description
The unreliable homogeneous multiservers infinite source retrial queuing system considered is described as follows: There are an infinite of sources each of which generates customers according to a Poisson process with rate λ (λ > 0). The customer who finds one of the servers idle and not failed occupies it immediately. However, if he finds the total number of busy and failed servers equal to s may balk, i.e., he is given the choice to enter the retrial orbit with probability f e − (0 ≤ f e − ≤ 1) or enter the queue of size q with probability f + e = 1 − f − e . Let c be the finite capacity of the customer in service area (c = s + q). Customers located in the orbit wait for an exponentially distributed time and retry to enter the service area with retrial rate ν(ν > 0). Busy Server complete requests with service rate µ and customers leave the system. Failures for the s servers occur via a Poisson process with rate ξ(ξ > 0) and the repair times for each server are exponentially distributed with rate α(α > 0).
Customers waiting in the queue start being served as soon as an idle or repaired server assigned to them, they can also leave the queue and enter orbit with rate η due to impatience.
The customer whose service is interrupted by a failure may enter the retrial orbit with probability q f (0 ≤ q f ≤ 1) or abandons the service with probability 1 − q f . Customers are lost if they decide not to join the orbit.
All times involved in the model are assumed to be mutually independent of each other.
Underlying Markov Chain
The system state of our model as described in Section 2 can be represented by a trivariate stochastic process, {(N (t), C(t), F (t)) : t ≥ 0}, where N (t) is the random variable which represents the number of customers in the orbit at time t, C(t) is the random variable which represents the number of customers in the service area at time t and F (t) represents the number of failed servers at time t.
Since all the random times are exponentially distributed, the stochastic process is a continuous-time Markov chain (CTMC) on the state space
Define p(i, j, k) as the limiting probability that the system is in the state
In the following, we restrict our study to the case s = 1 and q = 1,the state space
The state transition diagram of the corresponding CTMC is shown in Figure 1 . The levels correspond directly to the size of the orbit and the pairs represent the number of customers in service area and the number of failed servers, respectively.
The statistical equilibrium equations of the system can be describe as follows: for i = 0 (λ + ξ)p(0, 0, 0) = µp(0, 1, 0) + αp(0, 1, 1) 
Note that is not easy to solve for the state probabilities recursively or by the method of generating functions, for this reason an approximate analysis is instead using a Phase Merging Algorithm developed by Korolyuk [13] and Courtois [8] .
Application of the Phase Merging Algorithm
The objective of the phase-merging algorithm is to approximate the steady-state probability distribution of {(N (t), C(t), F (t)) : t ≥ 0} by approximating the conditional probability distribution of the status of the service area, given the level of the orbit and by approximating the marginal probability distribution of the number of customers in orbit, for more detailed, see Brian [6] .
To make use of the algorithm, we proceed as follows: First, partition the state space into individual levels where the index of each level corresponds to the number of customers in the orbit. This step results in an infinite number of classes (or levels) which can be analyzed individually. Denote this as class A i ,for level i, i ≥ 0.
Note that each class has an identical structure and is analyzed as a CTMC from which the approximate conditional probabilities are obtained, see Figure 2 For each i ≥ 0, the transition rates for this process are described in the following generator matrix Q i
The class A i .
The following system yields,
Solving the equations p (j,k)|i Q i = 0, ( j ∈ 0, 1, 2 ; k ∈ 0, 1) and p i e = 1 ( where e is a column vector of ones), the conditional probabilities are obtained for all i ≥ 0, using the Maple Calculation Software
The constantD is given by the term
Next, we merge all states within the class A i into one state corresponding to the level of orbit, i. The infinitesimal generator, of the merged model is
Using the substitutions,λ = (λf − e + ξq f )p (1,0)|i + (λ + η + ξq f )p (2,0)|i + λf − e p (0,1)|i + (λ + η)p (1,1)|i andν = νp (0,0)|i + νf − e (p (1,0)|i + p (0,1)|i ), our infinitesimal generator, q i,j , of the merged model become
We see that the analysis of this system is analogous to the M/M/∞ queueing system. Using the method of arc cuts,we recursively solve for the steady-state probability vector, π = [π 0 , π 1 , π 2 , . . .] solving recursively the system equations, we obtainλ
Continuing, it can be shown that
Using the normalization equation, ∞ j=0 π j = 1, the solution for π 0 is obtained by
The infinite series of (4.2) is the Maclaurin power series expansion for eλ /ν . Thus, we see that
Substituting π 0 into Equation (4.1) we have the following expression
which is the probability mass function for a Poisson distributed random variable with rate parameterλ ν . Finally, we approximate the steady-state distribution of {(N (t), C(t), F (t)) : t ≥ 0} by
Results
Using this joint distribution, we can approximate the standard queueing performance measures.
Mean Orbit Length
.
Mean Number of Customer in Service Area
The approximate expression for the expected number of customer at the Service Area is given by:
[p(i, 1, 0) + p(i, 2, 0) + p(i, 1, 1)].
Mean Queue Length
The mean queue length M QL is given by :
[p(i, 1, 1) + p(i, 2, 0)].
Model Generalization
In section 3, the investigation was restricted for q = 1 and s = 1 to show the principles, in this section we apply the Algorithm for a higher values of s and q and to characterize the status of the service area at any time, we need a set of s n=1 n + (s + 1)(q + 1) pairs of (j, k). Recall that all the random times are exponentially distributed and the stochastic process is a continuous-time Markov chain (CTMC) on the state space A = {(i, j, k) : i ≥ 0, j ∈ {0, 1, 2, . . . , q + s} ; k ∈ {0, 1, 2, . . . , s}}.
We assume that as t → ∞, the steady-state distribution of {(N (t), C(t), F (t)) : t ≥ 0} exists and we need the sufficient condition for ergodicity, see Falin [12] λ sµ
First, we reduce the dimensionality of the state space by definingX(t) as the status of the service area at time t (outlined in Table 1 ), such that X(t) ∈ {1, 2, 3, ..., Since the number of customers in the orbit can theoretically reach infinity, the state space of the system can be partitioned into a countable number of classes. As noted previously, the state space A is partitioned as the countable union,
n + (s + 1)(q + 1)}, i ≥ 0. each class is identical in structure so that only one class needs to be analyzed. We denote p l|i as the limiting conditional probability of the service area being in state l given that there are i customers in orbit p l|i = lim t→∞ P (X(t) = l/N (t) = i), l = 1, 2, ..., s n=1 n + (s + 1)(q + 1)
For each i ≥ 0, the transition rates for this process are described in the generator matrix Q i .
. . .
. . . Aggregating the states of each class A i . The rates of transitions between the "macro-states" are expressed in the infinitesimal generator matrix with elements, • Mean Orbit Length For the infinite source multi service retrial queue, the steady-state distribution will be also Poisson with parameterλ/ν. Denoting N as the steady-state number of customers in orbit when the mean orbit size is approximated by
s<j+k =c p (j,k)|i .
• Mean Number of customers in Service
Denoting N e as the random number of customers at the servers, the approximate expression for the expected number of customers at the servers can be computed using the approximate steady-state joint probabilities derived in the last step of the algorithm and it is given by
• Mean Number of customers in Service Area
Denoting N r as the random number of customers at the service area
k=s p(i, j, k).
• Mean Queue Length
p(i, j, k)).
• Steady-State System Size and Sojourn Time
Denoting L as the steady-state number of customers in the system, to calculate it, we simply sum the expressions for E[N ] and E[N r ].
The steady-state mean sojourn time, W , follows directly from Little's law. 
Numerical Results
In this section, we will give some numerical results to illustrate how the various parameters of the model influence on the system performances measures for s = 1 and q = 1. From Figure 3 , it can be seen that the mean number of customers in Orbit decreases rapidly as ν and η become higher and exceeds 0.1 . Table 3 : Retrial rate ν and impatience rate η and probability f + e against mean number of customers in the orbit for λ = 0.5, µ = 2, α = 0.5, ξ = 0.05 and q f = 0.5. Table 3 , it is also interested in the sensitivity of the approximation procedure to vary f + e from 0 to 1 in increments of 0.2 and provide the results for the same values of λ, µ, α, ξ of Table 1 and it can be shown that along the increases of ν and η for the same values, the mean number of customers in orbit decreases also when the values of f + e become larger, this is because there is a high probability (p (0,0)|i = 0.708) that the customer find the server idle when he retry to enter the server again for small value of λ. Table 4 : Retrial rate ν, impatience rate η and λ against mean number of customers in the orbit for µ = 15, α = 0.5, ξ = 0.05, f − e = f + e = 0.5 and q f = 0.5.
λ ν = η=0.5 ν = η = 0.6 ν = η = 0.7 ν = η = 0.8 ν = η = 0.9 ν = η = 1 From Figure 4 , it is shown that the mean number of customers in orbit increases and the server keep busy for more time as λ increase. High generation rate lead to high server utilization. Table 5 : Retrial rate ξ and repair rate α against mean number of customers in the orbit for λ = 0.5, µ = 2, ν = 0.5, η = 0.5 , f − e = f + e = 0.5 and q f = 0.5. From Figure 5 , it can be seen that as the Retrial rate ξ increase as the probability that the server is idle decrease and the orbit size increase. Table 6 : Retrial rate ξ and probability q f against mean number of customers in the orbit for λ = 0.5, µ = 2, α = 2, ν = 0.5, η = 0.5 f − e = f + e = 0.5. From Figure 6 , it can be seen that the orbit size length is not affected remarkably by the probability q f when the breakdown rate ξ is less than 0.2.
Conclusion
• The means number of busy and breakdown servers is independent of retrial rate ν and impatient rate η.
• The orbit size is not affected remarkably by the increase of the breakdown rate ξ when λ is small.
